Let f(n) denote the number of con gurations of n 2 mutually non-attacking kings on a 2n 2n chessboard. We show that log f(n) grows like 2n log n ? 2n log 2, with an error term of O(n 4=5 log n). The result depends on an estimate for the sum of the entries of a high power of a matrix with positive entries.
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In chess, two kings can attack one another if their squares are horizontally, vertically, or diagonally adjacent. Consider the problem of placing mutually non-attacking kings on a chessboard with 2m rows and 2n columns. Partitioning the chessboard into 2 2 cells, we see that no cell can contain more than one king, so there can be no more than mn kings: Figure 1 In this note, we estimate the number K(m; n) of con gurations of mn kings. H. Wilf 5] has obtained good estimates in the case that m is xed and n m. We consider the order of growth when both m and n tend to in nity, and especially the case m = n. Our main result is stated at the end of the paper.
Before proceeding with the problem of kings, it may be worth a brief look at the analogous problem for other chess pieces. No more than n mutually non-attacking rooks can t on an n n board; the legal con gurations have one rook in each row and column and are therefore given by the n! permutations. It is known that there exist con gurations of n mutually non-attacking queens as long as n 4, and the number of such con gurations is conjecturally super-exponential in n 4]. For bishops, it is not too di cult to see that there are exactly 2 n ways of placing 2n ? 2 pieces on an n n board, when n > 1 3] . The maximum number of knights on an n n board is b n 2 +1 2 c, when n > 2. For n > 4, the number of such con gurations is 1 or 2 according to whether n is odd or even; this follows from the existence of a knight's tour (resp. a closed knight's tour) 3].
All such problems can be reformulated in the language of statistical mechanics, but from this point of view the problem of kings is certainly the most natural. Assign spin at each vertex in a (region of a) square lattice according to whether there is or is not a king in the corresponding square of the chessboard. The generating function P n a n z n for the number of con gurations of n kings is closely related to the L = M = ?1 limit of partition function of Baxter's \hard square model" 1] x14.2. The only di erence is that in the hard square model, a king on a corner (resp. edge) of the board counts for only one quarter (resp. one half). Of course, questions in statistical mechanics can be quite sensitive to boundary conditions; see, e.g., 3]. In any case, the hard square model has been solved in certain regions of the (L; M) plane, but not in the \unphysical" third quadrant.
Our approach to the problem of the kings is completely elementary. It depends on estimates for the entries of powers of matrices. These depend, in turn, on eigenvalue estimates. It is clear that for xed M, the entries of M n grow like polynomial multiples of R n , where R is the largest eigenvalue of n. The coe cients of this polynomial can be bounded if the entries of M are bounded. Theorem 2 below gives the estimates we need, which may be be of some independent interest.
I would like to thank Herb Wilf for introducing me to this problem and the referee for suggesting the simpli ed proof of Theorem 2 which appears below.
To each con guration of mn kings on a 2m 2n chessboard, we associate two diagrams. The condition that kings in vertically adjacent cells cannot attack each other amounts to the condition that every " in a column of gure 2 must lie over every # in that column; likewise, the condition that kings in horizontally adjacent cells cannot attack amounts to the condition that every in a row in gure 3 lies to the left of every !. Thus a vertical (resp. horizontal) diagram is speci ed uniquely by the number of # (resp. ) symbols in each column (resp. row). For a 2m 2n board, this is a an ordered n-tuple (a 1 ; : : : ; a n ) (resp. m-tuple (b 1 ; : : : ; b m )) of integers in 0; m] (resp. 0; n]). Obviously a con guration of kings is uniquely speci ed by its two diagrams. The question that remains is which pairs of diagrams are compatible. The compatibility condition is dictated by the rule that diagonally adjacent squares in diagonally adjacent cells should not contain attacking kings. This actually amounts to two separate rules depending on whether the adjacency is NE$SW or NW$SE. The rst gives rise to the rule that we cannot have a i < j < a i+1 and b j < i < b j+1 (1) for any i and j. The second implies that we cannot have a i > j > a i+1 and b j > i > b j+1 : (2) One way of visualizing the situation is to extend j 7 ! a j and i 7 ! b i to piecewise linear functions, y = a(x) and x = b(y) respectively, view their graphs as oriented curves, and ask that the curves not intersect with \positive" orientation. This is not quite right because the two diagrams are incompatible only if (1) or (2) There cannot be an incompatibility among two such diagrams. Indeed, if (1) Thanks to condition (1), a block cannot be both of type " and of type !, and thanks to condition (2), it cannot be both of type # and of type . It turns out that we need to use only the rst of these conditions. We consider the single column X p of blocks of the form f(p; i) j 1 i kg. Given a subset U = U p of X p , we consider the number of sequences a j , j 2 (p ? 1)n 0 + 1; pn 0 ? 2], for which the set of blocks of type " is contained in U. Such where R p;q is the p q matrix whose rst row consists of entries 1 but whose other entries are zero. Letting Q`denote the` `matrix whose (j; k) entry is e
The characteristic polynomial of this matrix is We deduce that r(P U ) 2 p k + 1 + 1 + jUj:
Combining this with r k + 1, and the inequalities (6), (7), and (8), we conclude that (M n 0 ?2 Combining this upper bound with Lemma 1, we deduce Theorem 3. For all positive integers n, log K(n; n) = 2n log n ? 2n log 2 + O(n 4=5 log n): u t
